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Abstract
Recently, a wave based method was developed to efficiently model the harmonic behavior of poroelastic
materials. This novel method relaxes the frequency limitations of the finite element method by using exact
solutions of the governing equations to approximate the field variables. However, in the case that the stress
fields exhibit a singularity, the Wave Based Method suffers from convergence problems. This paper derives
criteria to predict the presence of stress singularities in poroelastic problem domains and proposes a suitable
set of enrichment functions to extend the conventional set of expansion functions. The beneficial effect of
incorporating these functions on the convergence of the Wave Based Method is illustrated by means of a
numerical validation study.
1 Introduction
The most commonly applied mathematical model to describe the dynamic behavior of poroelastic materials
is the Biot theory [1, 2]. Using a set of two frequency-dependent coupled partial differential equations, this
constitutive model predicts the existence of three different fluid-frame coupled wave types: a shear wave and
two compressional waves.
Currently, the Finite Element Method (FEM) is the most commonly used prediction technique for the steady-
state dynamic analysis of poroelastic materials. Even though several alternative formulations exist [3, 4, 5],
these calculations are very time-consuming due to the complex and frequency dependent material properties,
the high number of unknowns per node and the dense problem discretizations needed to capture the short
wavelengths in the poroelastic response fields at higher frequencies. As a result, the use of the FEM is
practically limited to low-frequency applications [6].
The Wave Based Method (WBM) [7] is an alternative deterministic method which is based on the Trefftz
principle [8]. Instead of discretizing the problem domain into a large number of small elements, the WBM
partitions the problem domain into a small number of large, convex subdomains. In each subdomain, the
dynamic response variables are approximated using so-called wave functions which are exact solutions of
the governing differential equations. In this way, the wave functions may only violate the boundary and
continuity conditions. Enforcing the errors on the boundaries and interfaces to zero through a weighted
residual formulation yields a small matrix equation which can be solved for the contribution factor of each
wave function. The authors have recently proposed a WBM for the solution of the Biot equations [9, 10].
The dynamic field variables are approximated using a superposition of three types of globally defined wave
functions, corresponding to the three aforementioned poroelastic wave types. By embedding a priori knowl-
edge in the numerical scheme a significant increase in modeling efficiency is realized and accurate response
predictions in an extended frequency range become feasible.
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Due to the linearized underlying constitutive model, the poroelastic stress fields may become infinite at
discontinuities along the problem boundary. When using the FEM, these phenomena do not interfere with
the overall prediction accuracy due to the local support of the FE shape functions. In the WB approach, a
more profound impact on the predicted response fields is observed due to the global nature of the applied
approximation functions. A possible solution to cope with these problems which obviously impact the
convergence rate is to extend the set of wave functions using some additional enrichment functions, which
accurately represent the singular behavior of the dynamic fields near the corner point. Similar to the work by
Vanmaele et al. [11, 12] on the treatment of corner stress singularities in plate bending and plate membrane
problems, a set of generic criteria for the presence of stress singularities in the poroelastic responses based
on the internal angle of each corner and the applied boundary conditions is derived. Using an asymptotic
response analysis a suitable set of enrichment functions is proposed. The beneficial effect of incorporating
these functions in the field variable approximations on the convergence of the WBM is illustrated by means
of a numerical validation study.
This paper is organized as follows. Section 2 discusses the mathematical formulation of a general two-
dimensional poroelastic problem and presents the most commonly applied boundary conditions. Section
3 addresses the WB modeling approach and applies it to 2D poroelastic problems. Section 4 deals with
the existence of stress singularities in a poroelastic domain and derives enrichment functions to capture the
singular behavior at corner points of a poroelastic domain. The use of the WBM for poroelastic materials is
demonstrated in section 5 and it is shown that adding the enrichment functions to the set of wave functions is
beneficial for the convergence rate of the method. The paper ends with some concluding remarks and topics
for future research.
2 Problem definition
A poroelastic material consists of a solid phase (•s) which interacts with the fluid phase (•f ) contained within
its pores. The Biot theory [1] assumes that the pores are homogenously distributed in the material and uses
an equivalent solid and a compressible fluid continuum description on a macroscopic level. This is justified
in the case that the typical pore dimensions are very small as compared to the wavelengths of the different
types of waves which propagate through the material. The dynamic equations are:
N∇2us(r) +∇[(λ+ Q
2
R
+N)es(r) +Qef (r)] = −ω2(ρ∗11us(r) + ρ∗12uf (r)) (1)
∇[Qes(r) +Ref (r)] = −ω2(ρ∗12us(r) + ρ∗22uf (r)) (2)
Appendix A contains a description of the material properties of porous materials and the notations used in
this paper. For a complete description and interpretation of the material properties, the equilibrium and the
constitutive equations, the reader is referred to literature [2, 3, 7, 10].
Three boundary conditions have to be specified at each point of the boundary in order to have a well-
posed problem. The boundary of the subdomain, Γpe, consists of three non-overlapping parts (Γpe =
Γki
⋃
Γme
⋃
Γmi) along which one of the three following sets of boundary residuals are defined:
• kinematic boundary conditions, the displacement components are prescribed:
r ∈ Γki :

Rusn(r) = u
s
n(r)− u¯sn(r) = 0
Russ(r) = u
s
s(r)− u¯ss(r) = 0
R
ufn
(r) = ufn(r)− u¯fn(r) = 0
(3)
with u¯sn(r), u¯
s
s(r) and u¯
f
n(r) respectively the prescribed values of the displacement components of
the solid phase in the normal and tangential direction to the boundary and the prescribed value of the
displacement of the fluid phase in the normal direction to the boundary.
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• mechanical boundary conditions, the stress resultants are prescribed:
r ∈ Γme :

Rσsn(r) = σ
s
n(r)− σ¯sn(r) = 0
Rσss (r) = σ
s
s(r)− σ¯ss(r) = 0
Rσf (r) = σ
f
n(r)− σ¯f (r) = 0
(4)
with σ¯sn(r), σ¯
s
s(r) and σ¯
f (r) respectively the prescribed values of the normal and tangential stress
resultant components of the solid phase in the normal and tangential direction to the boundary and the
prescribed hydrostatic stress of the fluid phase.
• mixed boundary conditions:
r ∈ Γmi :

Rusn(r) = u
s
n(r)− u¯sn(r) = 0
R
ufn
(r) = ufn(r)− u¯fn(r) = 0
Rσss (r) = σ
s
s(r)− σ¯ss(r) = 0
(5)
For a sliding edge, the prescribed values of u¯sn(r), u¯
f
n(r) and σ¯ss(r) are zero.
3 The Wave Based Method for poroelastic problems
First, this section introduces the methodology of the WBM for a general 2D convex bounded Helmholtz
problem. The general problem setting and the basic concept are explained. Afterwards the WBM is applied
to the specific case of poroelastic problems.
3.1 General problem setting
Consider a general two-dimensional bounded steady-state dynamic problem Ω. The mathematical formula-
tion of the physics in Ω results in (a coupled system of) NH second-order Helmholtz equation(s):
∇2uj(r) + k2juj(r) = Fj(r), r ∈ Ω, j = 1, ..., NH (6)
In this equation,∇2 is the Laplacian operator, kj is the physical wave number of the jth Helmholtz equation,
which is determined by the physical properties of the medium inside the problem domain Ω. Fj(r) represents
non-homogenous forcing terms. The boundary of the total interior problem Γb can be divided into non-
overlapping parts: Γb =
⋃
i Γi, on which different boundary conditions can be imposed. The boundary
conditions can be written in the general form:
Bi(uj(r)) = Bi(r), r ∈ Γi (7)
with Bi(•) a general boundary differential operator and Bi(r) an imposed boundary field. The Helmholtz
equation(s) (6) together with the applied boundary conditions (7) along Γb defines a unique dynamic field
uj(r) in the problem domain Ω.
3.2 Basic concept of the WBM
The WBM [7] is a deterministic numerical method and belongs to the family of indirect Trefftz [8] ap-
proaches. Unlike the FEM, the WBM partitions the problem domain into a limited number of large convex
subdomains. Convexity of the subdomains is a sufficient condition for the method to converge towards the
exact solution of the problem [7]. Within each subdomain, the dynamic field variables are approximated us-
ing an set of wave functions which intrinsically satisfy the governing Helmholtz equation(s). The degrees of
freedom (dofs) are the contribution factors of each wave function in this expansion. Enforcing the boundary
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and interface conditions along the subdomain boundaries using a Galerkin weighted residual formulation
leads to a small, complex and frequency dependent system of equations which can be solved for the contri-
bution factor of each wave function. The general modeling procedure of the WBM consists of the following
4 steps:
1. Partitioning of the considered problem domain into convex subdomains
2. Selection of a suitable set of wave functions for each subdomain
3. Construction of the WB system matrices via a weighted residual formulation of the boundary and
interface conditions
4. Solution of the system of equations, yielding the wave function contribution factors and postprocessing
of the dynamic variables
3.2.1 Domain partitioning
If the problem domain Ω is non-convex, a partitioning into NΩ non-overlapping convex subdomains is re-
quired, since the convexity of the considered problem domain is a sufficient condition for the theoretical
convergence of the WBM [7]. Continuity conditions have to be imposed on the interfaces between adjacent
subdomains. For sake of simplicity and to keep the focus on the treatment of stress singularities, we will
only consider convex problem domains in this paper. A general description of continuity conditions is given
in [7, 13].
3.2.2 Field variable expansions
The steady-state dynamic field(s) uj(r) in the problem domain Ω are approximated by a solution expansion
uˆj(r) in terms of nw wave functions Φw:
uj(r) ' uˆj(r) =
nw∑
w=1
uwΦw(r) + uˆp,j(r) = Φw(r) uw + uˆp,j(r). (8)
The wave function contribution factors uw belonging to each of the wave functions are gathered in the vector
of degrees of freedom uw. uˆp,j(r) represents a particular solution resulting from the combined source terms
Fj(r) in the right hand side of the inhomogeneous Helmholtz equation (6).
The row vector Φw(r) collects the nw wave functions Φw(r). Each wave function Φw(r) exactly satisfies
the homogeneous part of the Helmholtz equation (6). For two-dimensional bounded domains, two sets of
wave functions are distinguished, the r- and the s-set:
nw∑
w=1
uwΦw(r) =
nwr∑
wr=1
uwrΦwr(r) +
nws∑
ws=1
uwsΦws(r), (9)
with nw = nwr + nws . The wave functions are defined as:
Φw(r (x, y)) =
{
Φwr(x, y) = {sin(kxwrx), cos(kxwrx)} e−jkywry
Φws(x, y) = e−jkxwsx {sin(kywsy), cos(kywsy)}
(10)
where {f(x, y), g(x, y)}h(x, y) indicates the definition of two independent basis functions f(x, y).h(x, y)
and g(x, y).h(x, y). The only requirement for these wave functions to be exact solutions of the Helmholtz
equation (6) is that the wave number components in (10) have to satisfy:
(kxwr)
2 + (kywr)
2 = (kxws)
2 + (kyws)
2 = k2j . (11)
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Desmet [7] proposes to select the following wave number components:
(kxwr , kywr) =
(
w1pi
Lx
,±
√
k2j − (kxwr)2
)
, w1 = 0, 1, 2, . . . (12)
(kxws , kyws) =
(
±
√
k2j − (kyws)2,
w2pi
Ly
)
, w2 = 0, 1, 2, . . . (13)
The dimensionsLx andLy are the dimensions of the (preferably smallest) bounding rectangle circumscribing
the problem domain. This infinite set of wave functions has to be truncated into a finite set. The upper limit
w• in the wave number selection (12)-(13) is chosen accordingly to the following truncation rule:
w•pi
L•
> T max
j
(kj). (14)
The physical wavenumber kj corresponds to the largest physical wavenumber in the problem domain. T is a
user defined truncation factor.
3.2.3 Wave based model construction
Within the problem domain, the proposed solution expansion (9) always exactly satisfies the Helmholtz
equation(s) (6), irrespective of the values of the unknown contribution factors uw. These functions may
however violate the imposed boundary and interface conditions. The errors on the boundaries and interfaces
are minimized in an integral sense using a Galerkin weighted residual formulation. This yields an algebraic
equation linking the unknown wave function contribution factors. The enforcement that this equation should
hold for any combination of the weighting function results in a matrix system of equations, which can be
solved for the contribution factors of each wave function in the problem domain.
3.2.4 Solution of the system of equations and postprocessing
The fourth step in the WB modeling process is the solution of the matrix equation. The back substitution
of the wave function contribution factors into the field variable expansions (8), yields an approximation
uˆj(r) of the dynamic field variables. Also higher-order variables can easily be obtained by applying the
corresponding differential operator to the wave function expansion.
3.3 WBM applied to poroelastic problems
To apply the WB theory to poroelastic materials, the Biot equations have to be decoupled into a set of
Helmholtz equations. In the case that the material is isotropic, a possible decomposition for the solid dis-
placements is given by: {
usx(r)
usy(r)
}
= ∇(− 1
k2l1
es1(r)−
1
k2l2
es2(r)) +∇×
1
k2t
ωs(r) (15)
with es1(r) and e
s
2(r) two volumetric strains (e
s(r) = es1(r) + e
s
2(r)) and ω
s(r) the rotational strain of the
solid phase. By substituting (15) in the Biot equations (1), one obtains the following set of three decoupled
Helmholtz equations:
∇4es(r) +A1∇2es(r) +A2es(r) = (∇2es1(r) + k2l1es1(r))(∇2es2(r) + k2l2es2(r)) = 0 (16)
∇2ωs(r) + k2tωs(r) = 0 (17)
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Equation (16) indicates the existence of two compressional wave types with wave numbers kl1 and kl2 ,
kl1 =
√
A1
2 −
√
A21
4 −A2
kl2 =
√
A1
2 +
√
A21
4 −A2
with

A1 = ω2
ρ∗11R−2ρ∗12Q+ρ∗22(λ+2N+Q
2
R
)
(λ+2N+Q
2
R
)R−Q2
A2 = ω4
ρ∗11ρ
∗
22−(ρ∗12)2
(λ+2N+Q
2
R
)R−Q2
(18)
and equation (17) indicates the existence of one shear wave type with wave number kt:
kt = ω
√
ρ∗11ρ∗22 − (ρ∗12)2
Nρ∗22
(19)
The above discussion indicates that the mathematical description of a poroelastic problem results in a system
of three Helmholtz equations (6) with:
• NH=3
• u1(r) = es1(r), u2(r) = es2(r), u3(r) = ωs(r)
• k1 = kl1 , k2 = kl1 , k3 = kt
• Fj(r) = 0
According to the WB principles as explained in section 3, each of the three dynamic variables in the decou-
pled Biot equations, es1(r), e
s
2(r) and ω
s(r), is approximated by a solution expansion of form (8). Since the
three Helmholtz equations (16) are homogeneous, no particular solutions have to be defined. For the selec-
tion of the wave number components in the solution expansion of each dynamic variable, the corresponding
wave numbers kl1 , kl2 and kt are taken into account.
Each field variable a can be written in function of the strain fields by applying a corresponding differential
operator:
a = La
 es1(r)es2(r)
ωs(r)
 (20)
The differential operators for the normal and tangential displacements and the stresses in both phases are
defined as follows:
Lusn =
[
− 1
k2l1
∂
∂γn
− 1
k2l2
∂
∂γn
+
1
k2t
∂
∂γs
]
(21)
Luss =
[
− 1
k2l1
∂
∂γs
− 1
k2l2
∂
∂γs
− 1
k2t
∂
∂γn
]
(22)
L
ufn
=
[
−µkl1
k2l1
∂
∂γn
− µkl1
k2l2
∂
∂γn
+
µkt
k2t
∂
∂γs
]
(23)
Lσsn =
[
−2N
k2l1
∂2
∂γ2n
+ λ+
Q2
R
+ µkl1Q −
2N
k2l2
∂2
∂γ2n
+ λ+
Q2
R
+ µkl2Q
2N
k2t
∂2
∂γn∂γs
]
(24)
Lσss =
[
−2N
k2l1
∂2
∂γn∂γs
− 2N
k2l2
∂2
∂γnγs
N
k2t
(
∂2
∂γ2s
− ∂
2
∂γ2n
)
]
(25)
Lσf =
[
Q+ µkl1R Q+ µkl2R 0
]
(26)
µkl1 , µkl2 and µkt are the ratios of the fluid and the solid displacements of the different wave types and are
defined by Allard [2]. γs is the tangential direction of the boundary.
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The boundary residuals of the porous material can be determined using the same differential operators. The
mutual coupling between the three wave field components is entirely contained within the boundary and
continuity conditions specified along the boundaries and interfaces. For a full description of the WBM for
uncoupled poroelastic materials, which also includes a decoupling of the Biot equations based on scalar and
vector potentials and a description of the continuity conditions between two poroelastic subdomains, the
reader is referred to [10].
4 Stress singularities
This paper focusses on the existence and treatment of stress singularities in poroelastic materials. As indi-
cated by Sinclair [14], infinite values of stresses are physically impossible, but indicate that no finite stresses
can be computed by the linear theory of elasticity. Generally, two classes of stress singularities are distin-
guished. The first class originates from concentrated loads applied over regions with a vanishingly small
area. In the second class, singularities occur away from concentrated loads and always in concert with dis-
continuities. It is this class that will be considered in this paper. For a polygonal plate domain, discontinuity
singularities can be expected at the corner points. Typically, this kind of singularity arises when the internal
angle formed by the two sides of a corner exceeds a critical value, which depends on the imposed boundary
conditions. As indicated by Vanmaele et al. [11, 12], the WBM suffers from convergence problems when
stress singularities are present. These problems arise from the global character of the wave functions, which
have difficulties with capturing the singular behavior in the corner. As can be expected, the same kind of
problems appear when stress singularities are present in corners of poroelastic problem domains. The objec-
tive of this section is to find analytical solutions that accurately describe the displacement and stress fields in
the vicinity of corners with a singularity. In this way, criteria can be defined to determine whether stress sin-
gularities are present. If so, the set of wave functions can be extended with additional enrichment functions
which accurately represent the singular behavior close to the corner point.
To find an analytical solution that asymptotically approximates the displacement and stress fields in a corner
of a poroelastic problem domain, some assumptions are made:
• The stresses in the vicinity of the corner point are hardly affected by the boundary conditions away
from the considered corner point.
• Only homogeneous boundary conditions are considered, the imposed values of the prescribed stresses
or displacements are zero.
• Only wedges consisting of a single poroelastic material are considered.
Under these assumptions it is appropriate to study an infinite wedge domain as shown in figure 1. The
solution of this infinite wedge domain only exactly represents the dynamic fields in the domain in the case
that the edges extend to infinity. However, they present a very good approximation for the actual behavior in
the vicinity of the corner of a finite domain as long as the same radial boundary conditions are imposed as
for the actual problem. Following the methodology of Sinclair [15], polar cylindrical coordinates r and θ are
employed and the open angular region of interestR is given by:
R = {(r, θ)| 0 < r <∞, − α
2
< θ <
α
2
} (27)
The analytical solution needs to satisfy:
1. The Biot equations
2. The imposed boundary conditions
3. The regularity requirements at the vertex
Starting from the analytical solution for the strain fields, the stresses and their singular behavior can be
evaluated.
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Figure 1: 2D infinite poroelastic wedge domain
4.1 Analytical solution for an infinite wedge
The solution for the displacement and the stress fields is defined starting from the decoupled Biot equations
(16)-(17). Assuming a separable function for the strains es1(r, θ), e
s
2(r, θ) and ω
s(r, θ) in polar coordinates
leads to the following homogenous solution [16]:
es1(r) =
∞∑
b=1
[cos(λl1bθ)Rλl1b(kl1r) + sin(λ
∗
l1bθ)Rλ∗l1b(kl1r)] (28)
es2(r) =
∞∑
b=1
[cos(λl2bθ)Rλl2b(kl2r) + sin(λ
∗
l2bθ)Rλ∗l2b(kl2r)] (29)
ωs(r) =
∞∑
b=1
[cos(λtbθ)Rλtb(ktr) + sin(λ
∗
tbθ)Rλ∗tb(ktr)] (30)
where
Rλ(z) = AλJλ(z) +BλYλ(z). (31)
Aλ and Bλ are constants of integration and Jλ(z) and Yλ(z) are respectively the ordinary and modified
Bessel functions of the first kind. λ• indicate the eigenvalues associated with symmetric eigenfunctions with
respect to the axis θ = 0 and the eigenvalues λ∗• are associated with anti-symmetric eigenfunctions. This
paper uses the following shortened notations:
λl1 = λl1b or λ
∗
l1b (32)
λl2 = λl2b or λ
∗
l2b (33)
λt = λtb or λ∗tb (34)
depending on whether they are associated with symmetric or anti-symmetric eigenfunctions. The application
of the boundary conditions at θ = ±α/2 leads to a system of equations which can be solved for the unknown
integration constants:
[A]{c} = 0 (35)
with [A] the coefficient matrix and {c} the vector of unknown constants of integration. Since trivial solutions
should be eliminated, the determinant of the coefficient matrix must be zero:
det[A] = 0 (36)
and the eigenvalues λl1b, λ
∗
l1b
, λl2b, λ
∗
l2b
, λtb, λ∗tb are the solutions of this characteristic equation. Since it
is assumed that the boundary conditions at infinity have no influence on the singular behavior at the corner,
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they are discarded. This may lead to solutions of (35) which are non-unique. For our objective, this is not
a problem, since we are only interested in possible distributions of the different fields in the vicinity of the
corner.
At the corner point, the regularity requirements still have to be fulfilled. Consistent with [15], the following
conditions have to be imposed at the tip of corner (r=0):
usr(0, θ) = finite (37)
usθ(0, θ) = finite (38)
ufr (0, θ) = finite (39)
Applying equation (15) in polar coordinates leads to:
usr(r, θ) = −
1
k2l1
∂es1
∂r
− 1
k2l2
∂es2
∂r
+
1
k2t r
∂ωs
∂θ
(40)
ufr (r, θ) = −
µkl1
k2l1
∂es1
∂r
− µkl2
k2l2
∂es2
∂r
+
µkt
k2t r
∂ωs
∂θ
(41)
usθ(r, θ) = −
1
k2l1
1
r
∂es1
∂θ
− 1
k2l2
1
r
∂es2
∂θ
− 1
k2t
∂ωs
∂r
(42)
These expressions have to remain finite when r → 0. Since (40) and (41) depend on the same derivatives
and only differ in some constant scaling factors, both are leading to the same conditions. Introduction of
the homogenous solutions (28)-(30) in expressions (40) and (42) leads to the following conditions for the
possible displacement fields:
usr(r, θ)|r=0 = lim
r→0
[
c1(θ)
[
Aλl1
(
Jλl1−1(kl1r)− Jλl1+1(kl1r)
)
+Bλl1
(
Yλl1−1(kl1r)− Yλl1+1(kl1r)
) ]
+ c2(θ)
[
Aλl2
(
Jλl2−1(kl2r)− Jλl2+1(kl2r)
)
+Bλl2
(
Yλl2−1(kl2r)− Yλl2+1(kl2r)
)]
+
c3(θ)
r
[
AλtJλt(ktr) +BλtYλ∗t (ktr)
] ]
= finite (43)
usθ(r, θ)|r=0 = lim
r→0
[c4(θ)
r
[
Aλl1Jλl1 (kl1r) +Bλ1Yλ∗l1 (kl1r)
]
+
c5(θ)
r
[
Aλl2Jλl2 (kl2r) +Bλ2Yλ∗l2 (kl2r)
]
+ c6(θ)
[
Aλl1 (Jλt−1(ktr)− Jλt+1(ktr))
+Bλt (Yλt−1(ktr)− Yλt+1(ktr))]
]
= finite (44)
with c•(θ) a function that only depends on coordinate θ. Since
lim
r→0
Yλ(z) = −∞ (45)
all the integration constants Bλ have to be zero to fulfill the regularity conditions. Since Bessel functions of
the first kind can be expanded using a power series [17]:
Jλ(z) =
∞∑
k=0
(−1)k
k!Γ(λ+ k + 1)
z2k+λ
2
(46)
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the remaining expressions stay finite if all the eigenvalues are larger than 1. Taking this into account, the
eigenfunctions become:
Rλl1 = Aλl1Jλl1 (kl1r) λl1 > 1 (47)
Rλl2 = Aλl2Jλl2 (kl2r) λl2 > 1 (48)
Rλt = AλtJλt(ktr) λt > 1 (49)
4.2 The strain and stress fields in the vicinity of the corner
This paragraph investigates when stress singularities are present. Starting from the analytical solution for the
displacement fields, admissible strain and stress fields can be determined in the vicinity of the corner. The
strains can be written as:
e•r(r, θ) =
∂u•r(r, θ)
∂r
(50)
e•θ(r, θ) =
1
r
∂u•θ(r, θ)
∂θ
+
u•r(r, θ)
r
(51)
e•rθ(r, θ) =
1
r
∂u•r(r, θ)
∂θ
+
∂u•θ(r, θ)
∂r
− u
•
θ(r, θ)
r
(52)
The stresses in both phases of the isotropic material, expressed in cylindrical coordinates, are given by:
σsr(r, θ) = (λ+
Q2
R
)es(r, θ) +Qef (r, θ)) + 2Nesr(r, θ) (53)
σsθ(r, θ) = (λ+
Q2
R
)es(r, θ) +Qef (r, θ) + 2Nesθ(r, θ) (54)
σsrθ(r, θ) = Ne
s
rθ(r, θ) (55)
σf (r, θ) = Qes(r, θ) +Ref (r, θ) (56)
In this way, the possible stress distributions in the vicinity of the corner can be expressed in function of the
admissible longitudinal and rotational strain fields (28)-(30), taking into account the eigenfunctions (47)-
(49). Since the longitudinal strains es1(r, θ) and e
s
2(r, θ) do not give rise to an unbounded value if r → 0 the
stresses in the fluid phase will always remain finite. However, singularities will exist in the solid phase if
esr(r, θ), e
s
θ(r, θ) or e
s
rθ(r, θ) becomes singular when r → 0. Substituting the expressions of the admissible
displacement fields in the expressions of the strains (50)-(52) and using the power series expansion for the
Bessel function of the first kind (46), it can easily be verified when singularities can exist. For example the
possible fields for the radial strain esr(r, θ) are given by:
esr(r, θ) = −
1
4
[
Aλl1b cos (λl1bθ)
(
Jλl1b−2(kl1r)− 2Jλl1b(kl1r) + Jλl1b+2(kl1r)
)
+Aλl∗1b
sin (λ∗l1bθ)
(
Jλl∗1b−2(kl1r)− 2Jλl∗1b(kl1r) + Jλ∗l1b+2(kl1r)
) ]
−1
4
[
Aλl2b cos (λl2bθ)
(
Jλl2b−2(kl2r)− 2Jλl2b(kl2r) + Jλl2b+2(kl2r)
)
+Aλl∗2b
sin (λ∗l2bθ)
(
Jλ∗l2b−2(kl2r)− 2Jλ∗l2b(kl2r) + Jλ∗l2b+2(kl2r)
) ]
− 1
k2t r
2
[
−Aλtbλtb sin (λtbθ)Jλtb(ktr) +Aλ∗tbλ∗tb cos (λ∗tbθ)Jλ∗tb(ktr)
]
+
1
2ktr
[
−Aλtbλtb sin (λtbθ)(Jλtb−1(ktr)− Jλtb+1(ktr))
+Aλ∗tbλ
∗
tb cos (λ
∗
tbθ)(Jλ∗tb−1(ktr)− Jλ∗tb+1(ktr))
]
(57)
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When substituting the Bessel functions by their series expansion it is clear that the stress field σsr(r, θ)
becomes singular in the corner point if one of the eigenvalues becomes smaller than 2. The order of the
singularity is λ− 2. Singularities in the other stress components of the solid phase can be studied by writing
down similar expressions for esθ(r, θ) and e
s
rθ(r, θ). The order of these singularities is also λ− 2.
4.3 Analytical solution for the sliding edge infinite wedge
This paragraph studies the specific case of an infinite wedge with imposed sliding edge conditions on both
edges and searches for the analytical solution by determining the required eigenvalues. The boundary con-
ditions, expressed in polar coordinates, are:
usθ(r,±
α
2
) = 0, (58)
ufθ (r,±
α
2
) = 0, (59)
σsrθ(r,±
α
2
) = 0. (60)
These six boundary conditions are applied to the homogenous solution expansions. The solution of the
resulting characteristic equation leads to the following set of eigenvalues:
λl1b =
2bpi
α
λl2b =
2bpi
α
λtb = (2b− 1)pi
α
(61)
λ∗l1b = (2b− 1)
pi
α
λ∗l2b = (2b− 1)
pi
α
λ∗tb =
2bpi
α
(62)
with b=1,2,. . .. The homogenous solutions, using the eigenfunctions (47)-(49) and the above defined eigen-
values form exact analytical solutions of the infinite wedge domain since they fulfill the boundary conditions,
the decoupled Biot equations and the regularity conditions. Stress singularities are present if at least one of
the eigenvalues is smaller than 2. For a corner with two sliding edges, this is true if the angle α exceeds the
critical value pi/2.
In case a singularity is present in the corner, the corresponding homogenous solutions with eigenvalues < 2
will be added to the regular wave function sets. Since they accurately represent the singularity in the vicin-
ity of the considered corner, this addition will lead to better convergence properties as will be shown in a
validation study.
4.4 Other radial boundary conditions
It can be easily verified that it is impossible to find an exact dynamic solution in case other radial boundary
conditions are imposed. This is similar as compared to plate bending and plate membrane problems. Also,
in the case of poroelastic materials the eigenvalues can not be deduced from the radial boundary conditions.
Vanmaele [11, 12] proposes to start from the analytical solutions for static problems. These solutions do
not form exact solutions of the dynamic problem and can as such not be incorporated in the WBM. The
static solutions are only used to define static eigenvalues from which the dynamic ones can be derived.
For poroelastic materials, static solutions of an infinite wedge to study singularities are not yet defined in
literature. This topic will be dealt with in the future.
5 Validation example
This section demonstrates the computational efficiency of the WBM as compared to the FEM in the case that
stress singularities are present. Firstly, the presence of stress singularities is studied, validating the criteria
developed theoretically in the previous section and indicating the problems arising when no special purpose
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functions are included. Next, the singularity theory is incorporated in the WBM. The special purpose enrich-
ment functions are discussed and the performance of the classical and enriched WB predictions are compared
with FE results, both concerning accuracy and calculation time. All WB routines are implemented in Matlab
R2009. The FE predictions are obtained using Comsol 3.5a. The FE model uses a (us,uf )-formulation and
includes four degrees of freedom per node for the poroelastic domain. Cubic Lagrangian triangular finite
elements are used. The FE models are solved using a direct UMFPACK solver. The mentioned calculation
times include both the construction and the solution times since the models are frequency dependent. All
calculations are performed on a intel Xeon 5540 based system (2.53GHz) with a 24 GB memory running a
linux operating system.
5.1 Existence of stress singularities and impact on WB accuracy
To verify the existence of stress singularities, a poroelastic problem domain is considered, shown in figure 2.
It consists of a polygonal poroelastic domain containing a polyurethane foam saturated with air. The material
properties are given in table 1. Boundaries Γ1, Γ2 and Γ3 are sliding edge boundaries, see equation (5). On
Γ4 a normal stress resultant of 1N/m2 is imposed.
Air data Porous material data
k=2.57·10−2W/(mK) Es=70·103Pa
cp=1.005·103J/(kgK) ηl=0.265
Rgas=286.7m2/(s2K) ν=0.39
T=293.15K ρs=22.1kg/m3
γ=1.4 φ=0.98
νf=15.11·10−6m2/s Λ=1.1·10−4
ρf=1.205kg/m3 Λ′=7.42·10−4
σres=3.75·103kg/(m3s)
α∞=1.17
Table 1: Material data
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Figure 2: Problem geometry of a trapezoid poro-
elastic domain
As predicted in section 4.3, stress singularities are present in a corner with imposed sliding edge conditions
on both edges if the internal angle is larger than pi/2. As shown in a previous paper [10], which contains a
rectangular poroelastic domain with sliding edge conditions, no stress singularities are present. Application
of the singularity theory to the problem geometry described above, predicts that this problem configuration
does contain a singularity. This is validated by means of a FE calculation at 200Hz. The FE model of the
problem geometry contains 124000 dofs. Nine adaptive mesh refinements are performed, based on a L2-
norm of the error, to obtain accurate models. Figure 3 shows the stress field σsxy obtained with the FEM,
indicating a very steep gradient at the bottom of the poroelastic subdomain with a maximum of∼ 18.6N/m2
in the corner point, indicating that a stress singularity is present. The stresses away from the corner point
stay well below 0.5N/m2.
Figure 3: Contour plot of σsxy(x, y) [N/m
2] in the poroelastic domain, obtained with the FEM at 200Hz
A WB model is constructed for the problem geomety to verify whether stress singularities have a negative
influence on the accuracy of the WBM. A truncation factor, T = 1.5, is applied to the wave type with the
largest wave number and the number of wave functions of the other wave types are scaled such that each
wave function expansion exhibits a similar spatial resolution. The FE models serve as a reference and are
constructed based on 6 adaptive refinements for each frequency. Figure 4 shows the frequency response
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Figure 4: Frequency response function of usy(0.2, 0.02) obtained with the WBM
functions of usy in a point (0.2,0.02) of the poroelastic domains. The accuracy is clearly affected by the
presence of the singularity.
5.2 Validation of the Wave Based Method with special purpose enrichment func-
tions
This paragraph shows the beneficial effect of incorporating special purpose enrichment functions in the
WBM. These functions will shortly be called ‘corner functions’ in this validation example and the use of
the WBM with corner functions is indicated in graphs by WBM CF. The WBM, the WBM CF and the FEM
results are compared based on both accuracy and computational effort.
5.2.1 WBM CF
The eigenvalues of the characteristic equation (36) for the combination of two boundaries with imposed
sliding edge conditions lead to eigenvalues given by the expressions (61)-(62). Singularities are present if
λ < 2. Only the eigenfunctions associated with eigenvalues < 2 are added to the wave function set. Since
the internal angle β is 153.4◦, these eigenvalues are:
λ∗l1 = λ
∗
l2 = λt =
pi
α
= 1.173 = λCF (63)
and the corresponding corner functions, added to the corresponding wave function sets for respectively es1(r),
es2(r) and ω
s(r) are:
ΦCFl1 = sin (λCF θ)JλCF (kl1r) (64)
ΦCFl2 = sin (λCF θ)JλCF (kl2r) (65)
ΦCFt = cos (λCF θ)JλCF (ktr) (66)
Compared the WBM, the WBM CF has three more functions in its expansion sets.
5.2.2 Comparison of WBM and WBM CF
A first indication of the difference in accuracy between the WBM and the WBM CF is given by a comparison
of contour plots of the stress fields in the poroelastic domain. The calculations are performed at 200 Hz with
a truncation factor of T = 2 leading to 200 compressional wave functions for the strain expansion es1, 460
compressional wave functions for the strain expansion es2 and 84 shear wave functions. The WB CF model
contains the same number of wave functions but is enriched with the three corner functions given above.
Figure 5 compares the predicted stress fields σsxy(x, y) calculated with the WBM and the WBM CF. As
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expected, the stress field peaks at the bottom corner. In order to more clearly illustrate the adverse effect
of the singularity on the WB predictions in the whole poroelastic field, some contour lines are added to the
figures. These lines clearly show the presence of spurious oscillations in the WBM prediction which do not
appear when adding the three corner functions. In the WBM CF results, the stress field reaches ∞ at the
corner point.
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Figure 5: Predicted stress field σsxy(x, y)[N/m
2] at 200 Hz
Figure 6 shows similar frequency response function to those presented in the previous paragraph, calculated
with both the WBM and the WBM CF and compared to the FEM. These results confirm the increase in
accuracy when corner functions are added.
5.3 Comparison of computational efficiency
Convergence curves at 200 Hz are calculated to demonstrate the beneficial convergence rate of the WBM CF
as compared to both the WBM and the FEM. Fifteen FE models are constructed and are summarized in table
2. One additional adaptive refinement is performed between each two subsequent FEM models. The finest
FE model in this table serves as reference calculation. The calculation time tt is the total time needed to cal-
culate the frequency dependent material properties, to construct and to solve the system matrices and to do
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Figure 6: Frequency response function of usy(0.2, 0.02) calculated with the WBM, the WBM CF and the
FEM
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the requested number of subsequent adaptive refinements. Different WB models are built with an increasing
number of wave functions. The same truncation factor T is applied to the three different wave types and is
increased for each sample. Tabel 3 shows the minimum and the maximum number of wave functions of each
type at 200Hz. For the WBM CF the number of wave functions is increased with the three corner functions.
nr ] refs. dofs tt [s]
1 0 316 0.98
2 1 676 1.09
3 2 1396 1.40
4 3 2572 1.67
5 4 5140 1.95
6 5 9532 2.90
7 6 18388 4.45
8 7 34300 7.75
9 8 66256 14.29
10 9 124000 28.11
11 10 244600 60.46
12 11 455908 134.26
13 12 896548 309.05
14 13 1696300 774.58
15 14 3238912 1942.19
Table 2: FE model data at 200Hz
1st dilat. 2nd dilat. rot.
min 28 16 56
max 856 376 2000
Table 3: WBM model data at 200Hz
To compare the convergence rate of the different methods, the relative prediction error 〈〉 of a variable a is
calculated as a function of CPU time. This prediction error is averaged over 26 response points which are
equally distributed over the poroelastic domain:
〈〉 = 1
26
26∑
j=1
j with j =
‖a(rj)− aref (rj)‖
‖aref (rj)‖ (67)
Figure 7 compares the convergence curves of the WBM, the WBM CF and the FEM at 200Hz for five
poroelastic variables. The beneficial effect of adding corner functions to the wave function expansion is
clearly illustrated. The accuracy increases and the convergence is stabilized. The WBM CF convergence
curves show a steep decline and stabilize at a fixed prediction accuracy. This type of convergence behavior
typically indicates that the model which is used as a reference has not yet converged to a better accuracy than
the model with which it is compared. The WBM CF outperforms the FEM in efficiency: a better accuracy is
obtained much less calculation time.
6 Conclusions
The WBM is a novel prediction technique which aims at relaxing the frequency limitations of element based
techniques. Recently, the WBM has been applied to predict the dynamic behavior of poroelastic materials.
This paper focuses on the existence of stress singularities, which can exist in the corners of poroelastic
domains. Singularities are present if the corner angle exceeds a critical value, depending on the applied
boundary conditions along the adjacent edges. If singularities are present, the accuracy of the WBM is
clearly affected. This paper derives general criteria to determine whether stress singularities are present
and proposes to use special purpose enrichment functions in the wave function expansion set to accurately
capture this singular behavior. These so-called corner functions are exact solutions of the Biot equations and
fulfill the boundary conditions and regularity conditions at the corner tip. Only for the special case of sliding
edge boundary conditions, exact analytical solutions can be found. For this type of singularities, the effect
of adding corner functions to the wave function expansion is validated. A numerical example verifies the
advantageous effects on both the accuracy and the convergence speed of the method. The performance of
the WBM with corner functions is also compared to that of the FEM, indicating a higher convergence rate
and the potential of the WBM for poroelastic calculations.
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Figure 7: Convergence curves at 200Hz for the WBM, the WBM CF and the FEM with FEM model number
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A Biot theory parameters and nomenclature
Description Mathematical formula
b Viscous drag coefficient b = σresh2GJ(ω)
B2 Prandtl number B2 = cpµf
k
c Speed of sound c =
√
γRgasT
cp Specific heat
ef (r) Volumetric strain in the fluid ef (r) = ∇uf (r)
es(r) Solid strain tensor es(r) = 1
2
(∇u(r) + (∇u(r))T )
es(r) Volumetric strain in the solid es(r) = ∇us(r)
es1(r) Volumetric strain according to kl1
es2(r) Volumetric strain according to kl2
E In-vacuo modulus of elasticity of the bulk solid phase E = Es(1 + jηl)
GJ Extra variable to take into account effective GJ =
√
1 +
4jα2∞µfρfω
σ2resh
2Lambda2
density and bulk modulus
h Porosity
k conductivity of air
kl1 Wave number of 1
st compressional wave type equation (18)
kl2 Wave number of 2
nd compressional wave type equation (18)
kt Wave number of shear wave type equation (19)
Ka Adiabatic Bulk modulus of the fluid Ka = γRgasTρf
Kf Corrected Bulk modulus Kf = Kaβ
N Shear modulus of the frame material N = E
2(1+ν)
p(r) Average fluid pore pressure
Q Compressional coupling factor Q = (1− h)Kf
R Homogenized bulk modulus of the fluid phase R = hKf
Rgas Gas constant of air
T Temperature
uf (r) Mean macroscopic fluid displacement vector
us(r) Mean macroscopic solid displacement vector
α∞ tortuosity
β Correction factor β = γ − γ−1
1+
8µf
jΛ′2B2ωρf
√
1+jρf
ωB2Λ′2
16µf
ηl Loss factor
γ Ratio of specific heats
λ Static first Lame´ coefficient of the frame material λ = Eν
(1+ν)(1−2ν)
Λ Viscous characteristic length
Λ′ Thermal characteristic length
µf Fluid dynamic viscosity µf = ρfνf
µkl1 scaling constant µkl1 =
(2N+λ+Q2)k2l1
−ω2ρ∗11
ω2ρ∗12−Qk2l1
µkl2 scaling constant µkl2 =
(2N+λ+Q2)k2l2
−ω2ρ∗11
ω2ρ∗12−Qk2l2
µkt scaling constant µkt = − ρ
∗
12
ρ∗22
ν Poisson coefficient of the frame material
ρ1 Bulk frame mass density ρ1 = (1− h)ρs
ρ2 Bulk fluid mass density ρ2 = hρs
ρ∗11 Effective frame mass density with viscous dissipation ρ∗11 = ρ1 + ρa + bjω
ρ∗12 Inertial mass coupling factor with viscous dissipation ρ∗12 = −ρa − bjω
ρ∗22 Effective fluid mass density with viscous dissipation ρ∗22 = ρ2 + ρa + bjω
ρa Inertial coupling term ρa = ρfφ(α∞ − 1)
ρf Fluid density
ρs Mass density of the frame material
σf (r) Fluid stress tensor
σs(r) Fluid stress tensor
σres Static flow resistivity
Ωs(r) Rotational strain of the solid phase Ωs(r) = ∇× us(r)
Table 4: Notations used in the Biot equations
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